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Abstract
In this paper, using ﬁxed-point index theory and approximation techniques, we
consider the existence and multiplicity of ﬁxed points of some nonlinear operators
with singular perturbation. As an application we consider the existence and
multiplicity of positive solutions of singular systems of multi-point boundary value
problems, which improve the results in the literature.
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1 Introduction
In this paper we consider the problem
x = Ax + λBx,
where A is continuous and compact and B is a singular continuous and compact operator
(deﬁned in Section ).
In the study of nonlinear phenomena many models give rise to singular boundary value
problems (singular in the dependent variable) (see [–]). In [], Taliaferro showed that
the singular boundary value problem
{
y′′ + q(t)y–α = ,  < t < ,
y() =  = y(),
has a C[, ] ∩ C(, ) solution; here α > , q ∈ C(, ) with q >  on (, ) and ∫  t( –
t)q(t)dt < ∞. For more recent work we refer the reader to [–] and the references
therein.
In this paper we consider abstract singular operators (deﬁned in Section ) and we con-
sider the existence and multiplicity of ﬁxed points of some nonlinear operators with sin-
gular perturbations. As an application we discuss the existence andmultiplicity of positive
solutions of singular systems of multi-point boundary value problems.
2 Fixed-point theorems
Let E be a Banach space, P a cone of E,  ⊆ E bounded and open. The following theorems
are needed in our paper.
©2014 Yan et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
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Theorem . ([]) Suppose θ ∈ , A : P ∩  → P is continuous and compact and
Ax = μx, ∀x ∈ P ∩ ∂,μ ≥ .
Then
i(A,P ∩ ,P) = .
Theorem . ([]) Assume that A : P ∩  → P is continuous and compact. If there exists
a compact and continuous operator K : P ∩ ∂ → P such that
() infx∈P∩∂ ‖Kx‖ > ;
() x –Ax = λKx, ∀x ∈ P ∩ ∂, λ ≥ ,
then
i(A,P ∩ ,P) = .
Now we give a new deﬁnition.




and B({x ∈ P|r ≤ ‖x‖ ≤ R}) is relatively compact, for any  < r < R < +∞, then B : P– {θ} →
P is called a singular continuous and compact operator.
Remark Consider
x′′(t) + a(t)x–γ (t) = , t ∈ (, ),
x() = , x() = ,








s( – t), ≤ s≤ t ≤ ,




x ∈ C[, ] : x(t)≥ t( – t)‖x‖},




G(t, s)a(s)x–γ (s)ds, t ∈ [, ].
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It is easy to see that B : P – {θ} → P is a singular continuous and compact operator (see
[, ]).
Theorem . Suppose that θ ∈ , A : P ∩  → P is continuous and compact and B : P –
{θ} → P is singular continuous and compact. Assume that
Ax = μx, ∀x ∈ P ∩ ∂,μ ≥ . (.)
Then there exists a λ∗ >  such that, for any λ ∈ (,λ∗), there exist xλ ∈ P ∩  – {θ} with
xλ = Axλ + λBxλ.










Now we claim that
γ > . (.)
If γ = , there exists {(μn,xn)} ⊆ [, +∞)× P ∩ ∂ such that
lim
n→+∞‖μnxn –Axn‖ = . (.)
First, we show {μn} is bounded.
To see this suppose {μn} is unbounded. Without loss of generality, we assume that
limn→+∞ μn = +∞. Then
← ‖μnxn –Axn‖ ≥ |μn|‖xn‖ – ‖Axn‖ ≥ μn infx∈P∩∂‖x‖ – ‖Axn‖ → +∞,
and this is a contradiction.
Next, we show that there exists a (μ,x) ∈ [, +∞)× P ∩ ∂ such that
‖μx –Ax‖ = .
The boundedness of {μn} means that {μn} has a convergent subsequence. Without loss
of generality, we assume that μn → μ ≥ . Since {xn} is bounded and A is continuous




‖μnixni –Axni‖ = ,
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which implies that





y, as ni → +∞.
Let x = μ y. Clearly, x ∈ P ∩ ∂ and






Now we claim that
sup
n∈N
βn < +∞. (.)




Without loss of generality, assume that
lim
n→+∞βn = +∞,








)∥∥∥∥ = +∞. (.)
For all x ∈ P ∩ ∂, we have∥∥∥∥x + nx
∥∥∥∥≤ ‖x‖ + ‖x‖ ≤ supx∈P∩‖x‖ + ‖x‖ := R < +∞.
Since, for any r > , B : P ∩ {x : r ≤ ‖x‖ ≤ R} is relatively compact, (.) guarantees that
there exists a subsequence {xni} ⊆ {xn} such that
lim
ni→+∞






which implies that θ ∈ P ∩ ∂. This contradicts θ ∈ . Hence, (.) holds.











For  < λ < λ∗, x ∈ P ∩ ∂, μ ≥ , we have
‖Ax + λBnx –μx‖ ≥ ‖Ax –μx‖ – λ‖Bnx‖ ≥ γ – βλ > .
Theorem . guarantees that
i(A + λBn,P ∩ ,P) = . (.)
Note (.) guarantees that, for any λ ∈ (,λ∗), there exists a {xn} ⊆ P ∩  such that
xn = Axn + λBnxn, n ∈N. (.)
Now we show that
inf
n∈N










Then there exists a {xni} such that
lim
ni→+∞
















)∥∥∥∥ = +∞. (.)
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The compactness of A guarantees that {Axni} has a convergent subsequence.Without loss
of generality, we assume that limni→+∞ Axni = y. From (.), we have
lim
ni→+∞
‖xni‖ = limni→+∞‖Axni + λBnixni‖ ≥ limni→+∞λ‖Bnixni‖ – limni→+∞‖Axni‖ = +∞,
which contradicts (.).






∥∥∥∥≤ supx∈P∩‖x‖ + ‖x‖ < +∞, n ∈N.
Then {Axn + λBnxn} has a convergent subsequence. Without loss of generality, we assume
that
Axn + λBnxn → y, as n→ +∞.
Then
xn → y, as n→ +∞.
Now (.) guarantees that y = θ . Letting n→ +∞ in (.), and we have
y = Ay + λBy (.)
and y ∈ P ∩  – {θ}. The proof is complete. 
Corollary . Suppose that θ ∈ , A : P ∩  → P is continuous and compact and B :
P – {θ} → P is singular continuous and compact. Assume that
‖Ax‖ < ‖x‖, ∀x ∈ P ∩ ∂ (.)
or
Ax x, ∀x ∈ P ∩ ∂. (.)
Then there exists a λ∗ >  such that, for any λ ∈ (,λ∗), there exist xλ ∈ P ∩  with
xλ = Axλ + λBxλ.
It is easy to see that (.) or (.) guarantees that (.) holds (see []).
Theorem . Suppose that ,  are bounded open sets and θ ∈  ⊆ , A,K : P ∩
 → P are continuous and compact and B : P – {θ} → P is singular continuous and com-
pact. Assume that
(C) Ax = μx, ∀x ∈ P ∩ ∂, μ ≥ ;
(C) infx∈P∩∂ ‖Kx‖ > ;
(C) x –Ax = μKx, ∀x ∈ P ∩ ∂, μ ≥ .
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Then there exists a λ∗ >  such that, for any λ ∈ (,λ∗), there exist xλ, ∈ (P∩ – {θ}) and
xλ, ∈ P ∩ ( –) with
xλ, = Axλ, + λBxλ,, xλ, = Axλ, + λBxλ,.















γ > , γ > . (.)
An argument similar to that in (.) shows that
γ > . (.)
Now we show that
γ > . (.)
To see this suppose that γ = . Then there exists {(μn,xn)} ⊆ [, +∞)× (P ∩ ∂) such
that
lim
n→+∞‖xn –Axn –μnKx‖ = . (.)
Now since
‖xn –Axn –μnKx‖ ≥ μn infx∈∂∩ ‖Kx‖ – ‖xn –Axn‖,
we have {μn} is bounded, which means that {μn} has a convergent subsequence. Without
loss of generality, we assume that
lim
n→+∞μn = μ.
Since {xn} is bounded and A and K are compact, {Axn} and {Kxn} have convergent subse-
quences {Axni} and {Kxni} with limni→+∞ Axni = y and limni→+∞ Kxni = z. Now
lim
n→+∞‖xn –Axn –μnKxn‖ = ,





‖xni – y –μz‖ = .
Let x = y +μz. Clearly, x ∈ P ∩ ∂. Now
‖x –Ax –μKx‖ = limni→+∞‖xni –Axni –μniKxni‖ = ,
which contradicts condition (C).
Consequently, (.) is true, which together with (.) yields (.).




‖Bnx‖, βn, = sup
x∈P∩∂
‖Bnx‖.
An argument similar to that in (.) shows that
sup
n∈N


















For  < λ < λ∗, x ∈ P ∩ ∂, μ ≥ , we have
‖Ax + λBnx –μx‖ ≥ ‖Ax –μx‖ – λ‖Bnx‖ ≥ γ – βλ > ,
which guarantees that
i(A + λBn,P ∩ ,P) = , n ∈N, (.)
and for x ∈ P ∩ ∂, μ ≥ , we have
∥∥x – (Ax + λBnx) –μKx∥∥≥ ‖x –Ax –μKx‖ – λ‖Bnx‖ ≥ γ – βλ > ,
which guarantees that




A + λBn,P ∩ ( –),P
)
= –. (.)
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Now (.) and (.) guarantee that there exist {xn,} ⊆ P ∩  and {xn,} ⊆ P ∩ ( –)
such that
xn, = Axn, + λBnxn,, xn, = Axn, + λBnxn,, λ ∈ (,λ∗),n ∈N.
An argument similar to that in (.) shows that there exist y ∈ P ∩  – {θ} and y ∈
P ∩ ( –) with
y = Ay + λBy, y = Ay + λBy, λ ∈ (,λ∗).
The proof is complete. 
Corollary . Suppose that ,  are bounded open sets and θ ∈  ⊆ , A : P∩ →
P is continuous and compact and B : P – {θ} → P is singular continuous and compact.
Assume that
(C)
‖Ax‖ < ‖x‖, ∀x ∈ P ∩ ∂
or
Ax x, ∀x ∈ P ∩ ∂;
(C)
‖Ax‖ > ‖x‖, ∀x ∈ P ∩ ∂
or ∃u ∈ P – {θ} such that
x –Ax = μu, ∀x ∈ P ∩ ∂,μ ≥ 
or
Ax x, ∀x ∈ P ∩ ∂.
Then there exists a λ∗ >  such that, for any λ ∈ (,λ∗), there exist xλ, ∈ P ∩  – {θ} and
xλ, ∈ P ∩ ( –) with
xλ, = Axλ, + λBxλ,
and
xλ, = Axλ, + λBxλ,.
It is easy to see that (C) and (C) guarantee that (C)-(C) hold (see []).
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3 Applications for singular systems of multi-point boundary value problems
In [], Henderson and Luca considered the system of nonlinear second-order ordinary
diﬀerential equations
{
u′′(t) + f (t, v(t)) = , t ∈ (,T),
v′′(t) + g(t,u(t)) = , t ∈ (,T) (.)
with multi-point boundary conditions
{
u() = , u(T) =
∑m–
i= biu(ξi), m≥ ,
v() = , v(T) =
∑n–
i= civ(ηi), n≥ .
(.)
The following conditions come from []:
(H)  < ξ < · · · < ξm– < T ,  < η < · · · < ηn– < T , bi > , i = , , . . . ,m – , ci ≥ ,
i = , , . . . ,n – , d = T –
∑m–
i= biξi > , e = T –
∑n–
i= ciηi > ,
∑m–
i= biξi > ,∑n–
i= ciηi > ,
(H) we have the functions f , g ∈ C([,T] × [, +∞), [, +∞)) and f (t, ) = , g(t, ) = 
for all t ∈ [,T],
(H) there exists a positive constant p ∈ (, ] such that
() f i∞ = limu→+∞ inf inft∈[,T]
f (t,u)
up ∈ (, +∞];






(H) there exists a r ∈ (, +∞) such that
() f s∞ = limu→+∞ sup supt∈[,T]
f (t,u)
ur ∈ (, +∞];






(H) () f i = limu→+ inf inft∈[,T]
f (t,u)
u ∈ (, +∞];
() gi = limu→+ inf inft∈[,T]
g(t,u)
u = +∞,
(H) for each t ∈ [,T], f (t,u) and g(t,u) are nondecreasing with respect to u, and there









, ∀t ∈ [,T],
where m = T

 max{aT , a˜} and a, a˜ are deﬁned in [].
Theorem . ([]) Assume that (H)-(H) and (H)-(H) hold. Then Problem (.), (.)
has at least one positive solution (u(t), v(t)), t ∈ [,T].
Theorem . ([]) Assume that (H)-(H) and (H)-(H) hold. Then Problem (.), (.)
has at least two positive solutions (u(t), v(t)), (u(t), v(t)), t ∈ [,T].
Here we consider
{
u′′(t) + f (t, v(t)) + λu–γ = , t ∈ (,T),
v′′(t) + g(t,u(t)) = , t ∈ (,T) (.)
with multi-point boundary conditions (.), where  > γ > .
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Obviously, C[,T] is a Banach space. Let
P :=
{





where θ and γ are deﬁned in Section  in [].















ds, t ∈ [,T]




G(t, s)u–γ (s)ds, t ∈ [,T],
where G(t, s) and G(t, s) are deﬁned in [].
It is easy to see that B : P – {θ} → P is a singular continuous and compact operator (see
[, ]).
Theorem . Assume that (H)-(H) and (H) hold. Then there exists a λ∗ >  such that
Problem (.), (.) has at least one positive solution (u(t), v(t)), t ∈ [,T] for all λ ∈ (,λ∗).
Proof Let BR be deﬁned as that in Theorem . of []. From the proof in [], it is easy to
see that
‖Ax‖ < ‖x‖, ∀x ∈ P ∩ ∂BR.
Now Corollary . guarantees that there exists a λ∗ >  such that, for any λ ∈ (,λ∗),
there exist u ∈ (P ∩ BR – {θ}) such that









ds, t ∈ [,T].
Then (u(t), v(t)) is a positive solution for (.), (.). The proof is complete. 
Theorem. Assume that (H)-(H) and (H) hold.Then Problem (.), (.) has at least
two positive solutions (u(t), v(t)), (u(t), v(t)), t ∈ [,T].
Proof Let BN and BL be deﬁned as in Theorem . of []. From the proof in [], it is easy
to see that
‖Ax‖ < ‖x‖, ∀x ∈ P ∩ ∂BN ,
x = Ax + λu, ∀x ∈ P ∩ ∂BL,λ ≥ ,L >N .
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Now Corollary . guarantees that there exists a λ∗ > , for any λ ∈ (,λ∗), such that
there exist u ∈ (P ∩ BN – {θ}) and u ∈ P ∩ (BL – BN ) with
u = Au + λBu
and


















ds, t ∈ [,T].
Then (u(t), v(t)) and (u(t), v(t)) are two positive solutions for (.), (.). The proof is
complete. 
Remark Note that f and g have no singularity at u =  and v =  in [, ], so Theorems .
and . improve the results in [, ].
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